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ABSTRACT
A numerical technique is presented for calculating where, on average, tracer particles at a
particular place in a turbulent medium were created, and where they will be destroyed. This

technique requires knowledge of creation, destruction, and transport rates, and gives as results
probability distributions for creation and destruction. The technique is demonstrated on a model
of stratospheric ozone, and a rough quantification is made of the statement that high latitude,
low altitude ozone tends to be created in low latitude, high altitude regions.

1. Introduction
Consider some tracer particles located at a
particular place in a turbulent medium. In this
paper we show how in general it is possible to
calculate where, on average, these particles were
created and where they will be destroyed. The
technique presented uses expressions for the rates
of creation and destruction in the different parts of
the region under consideration and expressions for
transport of the particles within the region.
An example of tracer particles in a turbulent
medium is ozone in the stratosphere. To illustrate
the technique, we apply it to stratospheric ozone:
we show how to calculate where the ozone at a
particular place was created and where it will be
destroyed. Thereby, we hope to begin to quantify
the statement that stratospheric ozone at high latitudes and low altitudes tends to be created at lower
latitudes and higher altitudes.

boxes labelled 1, . . ., N, and divide time into intervals of equal duration r. Let A , be the probability
that a particle moves from box i to box j during one
such interval and Bi be the probability that a
particle in box i is removed from the region during
the interval z, by chemical transformation or by
physical movement out of the region. It follows that
N

2I A i j + B , = l ,

i = l , ..., N .

(1)

j=

The values of A, are calculated from wind
velocities, eddy diffusion coefficients and chemical
sinks by a technique which will be described later.
Let fg be the probability that a particle in box i at
time nr will be destroyed in box j at some later
time. Considering that a particle in box i moves to
box k during a time interval with probability Aik
and is destroyed in b o x j during the time interval
with probability B j if and only if i =j , we may write
N

2. Calculating where particles are created f, [nl = 2 A , [nl fu ln + 11 + 6, Bj lnl,
k= 1
and destroyed
Following Hewitt & Martin (1973) we divide the
region of space under consideration into a set of
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i , j = 1,. .., N ,

(2)

where fJn1, A,,[nI, B,[nl represent the respective
probabilitiesf,, A , and Bj at time nz, i.e. after n
time intervals have passed.
If we assume that fu, A, and Bj are independent
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of time we may drop the time dependence in eq. (2)
and write

we may write
N

N

f u z z

A i k f u + 6 , B , , i , j = l , ..., N.

(3)

qik=

2 A , 41, + 6, s k ,
j= I

i, k = 1,.

. . ,N.

(7)

k= I

This simplification requires that we use appropriately time averaged values for wind velocities,
eddy diffusion coefficients and rates of formation
and destruction.
If eq. (3) is written in matrix form, the solution is
given by
$ = ( I -A)-IB,

j=l,

..., N,

(4)

where B, is a column vector with Bj in the j t h
position and zeros elsewhere, A is the matrix of
transition probabilities A, and I is the unit matrix
of order N.f, is a column vector containing f , in the
ith position. Equation (4) allows us to calculate for
any box in the region under consideration the
probability that a particle in this box will be
destroyed in box j. Note that we do not require any
knowledge of sources for this calculation. Once a
particle is found in a particular box i its eventual
destruction is unaffected by sources, but only
affected by the transition probabilities which
depend on transport properties of the medium and
upon chemical and physical sinks.
Now, working in the opposite direction, let us see
how another useful quantity may be obtained: for
the particles at a particular place in the region,
where, on average, the particles were created.
Let S, represent the mass of particles formed in
box k during time 7 by (say) photochemical reactions and let pi, represent the probability that a
particle in box i was created in box k at some
earlier time. Considering that during an interval T
the mass moving from thejth box to the ith box is
A p , (where mj is the mass of tracer particles in
boxj’) and that the mass created in the ith box is S ,
we may write
Pfk [n + 11 mi [n + 11=

N

2

k = 1,. . . ,N.

(8)

where S, is a row vector containing S, in the kth
position and zeros elsewhere and qk is a row vector
containing the qik for i = 1 . . . , N. This solution
gives us the probability that a particle in any box i
originated in box k. For some purposes this may be
a useful solution in its own right, but in many cases
it would be preferable to get a solution of qlk (or pi,)
for a fixed i and for k ranging from 1, . . . ,N. Using
eq. (8) to obtain this solution would require a
calculation for each box k = 1, . ..,N, while by
employing a more direct method we can get the
required solution for qik with considerably reduced
calculation.
At this stage we have shown how to calculate the
two vectors f j and qm and we may note that qikf ,
equals the particle mass in the ith box that was
created in the kth box and that will be destroyed in
thejth box. If we sum over i from 1 to N,we have,
using (4) and (8),

which gives us the total particle mass that was
created in the kth box at some previous time, and
which will be destroyed in the jth box at some
future time. Now assuming that the region under
consideration contains all the relevant sources and
sinks for the tracer concerned, by summing the
expression in (9) over k we have
N

i, k =1, . . ., N.

q k * f, = S ( ( I -A)’)-’ B,,

k= 1

(5)

Again we shall make the assumption that A,, mi,
S, andp, are constant in time. Defining
q l k = “Pik

qk = S,(I -A)-’,

2

Ad-~nlpjk[njmj[nl

/= 1

+ di, S, In],

qlk is the mass of tracer particles in the ith box that
originated in the kth box. Writing eq. (7) in matrix
form, the solution in terms of qikis

(6)

which gives us the total particle mass which will be
destroyed in the j t h box. S is a row vector
containing S, in the kth position, k = 1, . . . ,N.
Noting that the fraction of those particles
destroyed in the j t h box which were created in the
Tellus 29 (1977), 5
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kth box, equals the fraction of those particles now
in thejth box which were created in the kth box, we
have

Pj =

S{(I

Bj

S{( I - A),)-' B,
where S is a square matrix of order N whose (i,j)th
entry is 6, S, and p, is, as required, a column
vector whose ith entry is p v Note that the quantity
in the denominator of eq. (11) is simply a
normalization factor whose calculation may be
replaced by recalling that Zy= p,, = 1.
The solution in (1 1) gives the probability that a
particle in thejth box was introduced to the region
in the ith box, for i = 1 , . . . ,N.
If we require the solution in terms of qu, i.e.
actual masses, then
qj = mi Pj

(12)

from (6). This gives for thejth box the respective
particle masses that were created in other boxes.

truction of ozone, one approach would be to
calculate theoretically the profiles of relevant atmospheric constituents such as ozone, and hence the
creation and destruction rates. However, for the
purposes of the present calculation it is convenient
and more accurate to use observed profiles when
possible, namely for those constituents that do not
vary rapidly on the time scale of a day. Therefore
we use constant background concentrations for air,
0,, 0,, H,O and NO, (=NO + NO,). In conjunction with these concentrations the following
limited set of reactions is used:
RI

0,+ hv -. o ( 3 ~ +) o ( 3 ~ )

R2 0 ( 3 P ) + 0 , + M + 0 , + M
R3

O(,P)

+ 0,-.0, + 0,

R4 0, + hv -r 0, + O('P)
R5

0, + hv -.0, + O('D)

R6

O(lD) + 0,-r 0,+ 0,

R7

O('D)

+M

--t

O(,P)

+M

+ hv -.NO + O(,P)
NO, + O('P) -.NO + 0,
NO + 0, NO, + 0,

R8 NO,
R9

3. Stratospheric ozone model
We now describe the features of a stratospheric
ozone model which is used to calculate, using the
expressions just developed, where on average the
ozone at a particular place was created and where
it will be destroyed. This model is presently primarily to illustrate the technique described in the
previous section, and secondarily to obtain some
suggestive results about where ozone goes to and
comes from in the stratosphere.
We first divide the main ozone containing
regions of the atmosphere into a set of boxes. To
generate the boxes a grid is assigned in the two
dimensions of latitude and altitude and this is swept
around the earth longitudinally. At each latitude
there are 25 boxes each of 2 km height, from the
surface of the earth to 50 km.At each altitude there
are 25 boxes equally spaced from pole to pole.
Given these 625 boxes, we need to determine the
parameters A, B,, and Sifor i,j = 1, . . .,625.
The values for S, and B, are calculated from the
expressions for photochemical creation and
destruction of ozone. Given a set of fundamental
reactions important for the creation and desTeilus 29 (1977), 5

R10

-

R11 O('D)

+ H,O

-. 2H0

+ 0,
~ 1 HO
3 + 0 0 ~-.)0,+ H
R14 HO, + 0, + HO + 2 0 ,
R I S HO, + o(3~)HO + 0,
R16 H + 0, + M-r HO, + M
R12 HO + 0, .+ HO,

-*

R17 H + O , + H O + O ,
R18 HO + HO, -. H,O
R19 HO,

+ 0,

+ NO -.HO + NO,.

Given the fixed distributions for air, 0,, 0,, H,O
and NO, we calculate the concentrations of the
other atmospheric constituents by assuming them
to be in equilibrium: O('P) through R2, R4, and
R5: O('D) through R5 and R7; NO and NO,
through R8, R9 and R10; H through R13, R16
and R17; HO, (=HO + HOJ through R11-R19.
With the use of the resulting expressions we can
write an expression for the time rate of change of
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ozone due to the set of reactions R 1-R 19:

for NO, are taken from Ackerman & Muller
(1972) (with the mole fraction of NO, increasing
smoothly above their highest altitude to 5 x
at
at
50 km). Photodissociation rates are determined
using solar flux and oxygen and ozone crossP = 2j, (03
sections of Ackerman (1971). The photoD = D , + D , + D,,
dissociation rates are averaged over the daylight
hours using 12 solar angles. Reaction rates and
D , = 2k9 (NO,) (O(’P)),
other data are the ones used by McConnell &
McElroy (1973) where references for the rates are
D , = 2{k,, ( W D ) ) (H,O) + 030,)
[k14(0,)
+
given.
+ k , , (o(3p))i + k , ,
(03)17
The transition probabilities A,, are calculated
from mean winds and eddy diffusion coefficients
D, = 2(O,) [ k , (O(,P)) + k, (O(’D))I.
using the general method of Martin (1975). With
D,, D , and D, account for destruction of ozone by this numerical approach, the horizontal, vertical
all the reactions R 1-R 19 involving respectively and anisotropic eddy diffusion coefficients, and the
horizontal and vertical mean winds are incornitrogen, hydrogen, and oxygen compounds.
The expression (13) includes all significant porated in a natural manner into the numerical
creation and destruction mechanisms for reactions representation. The numerical solution to the difR1 to R19, such as destruction of ozone by R12 fusion equation gives conservation of mass, correct
and R13, and creation of ozone via R19, R8, and centre of mass motion and correct spreading (i.e.
R2. It is derived in this way: the expression for correct second moment) in all directions. Actually,
a(O,)/at is written using all terms which mention the transition probabilities obtained are not greatly
0,:
a(O,)/at = -k,(O(’P))(OJ(M) -~c~(O(~P))(O,)different from those that would be obtained using
+ .... Then expressions for a(O(’P))/at, simple but appropriately chosen finite difference
a(NO)/at,and so forth are similarly written and set approximations.
The eddy diffusion coefficients of Luther (1973)
equal to zero. By substituting from the latter
expressions, (13) can be achieved. Many terms and the mean winds of Louis (see Louis et al.,
cancel out or are hidden in the determination of the 1974) are used in the calculation. These paraconcentrations of atmospheric constituents: for meters were derived from the data of Oort &
example, R12 and R13 enter the calculation in the Rasmussen (1971) and are generally intermediate
between those of Reed & German (1965) and those
determination of (H) and (HO,).
Recalling that SJ is the mass of ozone produced of Gudiksen et al. (1968) As boundary conditions
we assume that all ozone molecules moving to the
in box j in time interval r,
surface of the earth are absorbed there, while the
SJ= p J v j r ~ , t
(14) box borders along the poles act as reflecting
surfaces. The boundary condition at the border of
where PJ is P as defined in (13) at the centre of box
the
top box at 50 km is irrelevant, since for all our
j , V, is the volume of box j and mo, is the mass of
calculations a negligible number of trace particles
an ozone molecule.
Recalling that B, is the probability that an ozone approach this altitude.
As a final step in the calculation of A, it is necesmolecule in box j will be destroyed in the interval r,
sary to remove from consideration those particles
B, = 1 - exp (-D,r/(03)J)
(15) chemically destroyed during the time r; the row
sums of A calculated as indicated above are therewhere D, is D as defined in (13) at the centre of box fore normalized by eq. (1) so that
j and (O,), is the ozone concentration at the centre
of box j . For the ozone conctrations we use the lati- N
A U = l - B , , i = l , ...,N.
tudinal cross-sections given by Dutsch (1969). The j 2
=I
concentrations for air and molecular oxygen are
To obtain the time-independent parameters
taken from the US.Standard Atmosphere (1962),
the mixing ratio for water is taken as a constant necessary for the use of the solutions (8) and (1 I),
value of 5 x
and the constant mixing ratios all parameters, including eddy diffusion coeffi-

(w
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as expected, given the short time required to obtain
photochemical equilibrium at high altitudes, and
serves mainly to verify that the calculational procedure is working properly.
Figs. 1-6 show results for 3 points of progressively higher latitudes and lower altitudes. Here can
be seen a suggestion of the extent of the validity of
the idea that ozone at high latitudes and low
altitudes was created at lower latitudes and higher
altitudes. It is easy to see that the effect becomes
more dramatic at high latitudes, so that in Fig. 6
where m is a row vector of the ozone masses in almost all the ozone at the point in question was
each box. This revised ozone distribution m was created at a lower latitude and a higher altitude.
reasonably consistent with the original ozone distri- Summarizing the results in Figs. 1-6, we may say
bution considering the lack of seasonal variation in
the model.

cients, mean winds, and photodissociation rates
(averaged over the daylight hours as indicated
earlier) were evaluated for conditions at the March
equinox.
To make sure that the ozone model was
reasonably self-consistent, starting with Diitsch’s
ozone profiles, the model was used to obtain the
ozone distribution from the generalization of (8),

4. Results
Results based on the ozone model just described
are presented in Figs. 1-6. In Figs. 1, 3, and 5 are
presented distributions of the probability that
ozone, anywhere in the stratosphere, will be destroyed in regions about three given points. In Figs.
2, 4, and 6 are presented probability distributhns
describing where, on average, ozone at these same
three given points was created.
If the initial point is say 35 km altitude at the
equator (not shown), only regions near to the point
are found to contain ozone that is eventually
destroyed in the region of the point. This result is,

15t

I
Fig. 2. Contours of the probability, multiplied by lo1*,
that an ozone molecule at 29 km altitude, 28.S0N (this
location is marked by an “x”), was created in a volume
of 1 m3 at a given location.

15i
Fig. 1. Contours of the probability, multiplied by lo’*,
that an ozone molecule at a given location will be destroyed in a volume of 1 m3 located at 29 km altitude,
2 8 . 8 O N. This latter location is marked by an “x”.
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that at low latitude, high altitude points most ozone
is destroyed relatively near its source, but that the
ozone which is not so destroyed makes up an
important part of the ozone at higher latitude,
lower altitude points; and that at source points at
higher latitudes and lower altitudes, less of the
ozone is destroyed near its source, and the same
effect becomes exaggerated.

The main intrinsic limitation of the method as
applied to ozone is the requirement that creation
and destruction rates are constant in time. We
judge that our results are fairly representative of
results including time variations. Naturally our
results are no better than the data on which they
are based. The most serious deficiency in these is
perhaps the eddy diffusion coefficients. Whatever
the error caused by errors in the data, we suggest
that our results give more of an indication of where
ozone goes than a simple statement that low altitude, high latitude ozone tends to be created in high
altitude, low latitude regions. However, our major
aim has been to show how certain implications of a
specific ozone model may be determined4.g. for
ozone at a particular place, where it was created
and where it will be destroyed-in the hope that a
means of obtaining such information can be used to
gain a better understanding of other models.
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